Abstract. We study the deformations of compact special Lagrangian submanifolds in generalized Calabi-Yau manifolds. Let (M, κt, Jt, ǫt) be a family of special generalized Calabi-Yau manifolds and let L be a special Lagrangian submanifold of (M, κ 0 , J 0 , ǫ 0 ). Under some cohomological assumptions, we prove that there is a family of special Lagrangian submanifolds of (M, κt, Jt, ǫt) that extends L. Some examples are carefully described.
Introduction
Generalized Calabi-Yau manifolds are a natural extension of the holomorphic Calabi-Yau manifolds to the non integrable case. Namely, a generalized Calabi-Yau manifold is a quadruple (M, κ, J, ǫ), where (M, κ) is a 2n-dimensional (compact) symplectic manifold, for n > 3, J is a κ-calibrated almost complex structure and ǫ is a complex volume form, covariantly constant with respect to the Chern connection. Note that the previous definition is not the same as the one given by Hitchin in [9] . In the special case of dimension six, we can improve the definition, by requiring that the real part of ǫ is d-closed (i.e. ℜe ǫ is a calibration see [6] ). In such a case, (M, κ, J, ǫ) is said to be a special generalized Calabi-Yau manifold. Therefore, in this context, we can define special Lagrangian submanifolds as compact threedimensional Lagrangian submanifolds of M , calibrated by ℜe ǫ (see [6] ). If the almost complex structure J is integrable, then the Chern connection is the Levi Civita connection, so that M is actually a holomorphic Calabi-Yau manifold. Recall that an SU (3)-structure (J, ω, Ψ) on a six-dimensional manifold M is said to be half-flat if dℜe Ψ = 0 , d(ω ∧ω) = 0 (see e.g. [1] ). Therefore, a special generalized Calabi-Yau structure on a six-dimensional manifold M is in particular a half-flat structure. In [7] Hitchin proves that, starting with a half-flat manifold (M, ω, Ψ), if certain evolution equations have a solution coinciding with the initial datum (ω, Ψ) at time t = 0, then there exists a metric with holonomy contained in G 2 on M × I for some interval I (see e.g. [1] ).
McLean in [12] shows that the moduli space M of special Lagrangian submanifolds of a Calabi-Yau manifold, near a compact special Lagrangian submanifold L, is a smooth manifold of dimension equal to the first Betti number of L. In [8] , Hitchin describes geometrical properties of M and gives an embedding of M in H 1 (L, R) × H n−1 (L, R) as a Lagrangian submanifold (see also [2] ). For a generalization of McLean's Theorem to the non integrable case see [14] . In this paper, we study deformations of special Lagrangian submanifolds in special generalized Calabi-Yau manifolds. More precisely, we prove that, given a family of special generalized Calabi-Yau manifolds (M, κ t , J t , ǫ t ) and a compact special Lagrangian submanifold p 0 : L ֒→ M , with respect to (κ 0 , J 0 , ǫ 0 ), under some cohomological assumptions and a hypothesis on ℑm ǫ 0 , there exists a family of special Lagrangian submanifolds p t : L ֒→ M , that extends L (see theorem 3.4) . This is an extension of a theorem of Lu Peng (see [11] ) to the context of special generalized Calabi-Yau manifolds. In section 2, we start by recalling some facts on (special) generalized Calabi-Yau manifolds, describing an example of compact solvmanifold admitting a generalized Calabi-Yau structure (see also [3] , [4] and [13] ). In section 3 we prove the main theorem, by the same techniques used by McLean and Lu Peng. Note that, since in our case, in contrast with the integrable one, dℑm ǫ 0 is not zero and there is no a phase factor in the definition of special Lagrangian submanifold, we need extra hypothesis on ℑm ǫ 0 and on the cohomology class of p *
. Namely, we shall assume that
where N (L) denotes the normal bundle of L. By fixing the cohomology class of κ t in H 2 (M, R), we can drop the hypothesis i). Finally, if the initial datum is a holomorphic Calabi-Yau manifold, then we can remove hypothesis iii). In section 4, we give examples of special Lagrangian submanifolds satisfying i) and iii), for which the results of section 3 can be applied and we also give a new example of special generalized Calabi-Yau manifold (see example 4.1). In the last section, we consider the four-dimensional case. After giving the definition of four-dimensional generalized Calabi-Yau manifold, we adapt the results of section 3 and describe an explicit example on the Kodaira-Thurston manifold.
Special generalized Calabi-Yau manifolds
Let (M 2n , κ) be a symplectic manifold. An almost complex structure J on M is said to be κ-calibrated if
is an almost-Hermitian metric on M . Denote by ∇ LC the Levi Civita connection of g J . Then the Chern connection on (M 2n , κ, J) is defined by
It is known that
where N J is the Nijenhuis tensor of J.
where κ is a symplectic structure on M , J is a κ-calibrated almost complex structure and ǫ is a (n, 0)-form on M such that
We can specialize our definition in the six-dimensional case. We give the following Definition 2.2. A special generalized Calabi-Yau manifold is the datum of (M 6 , κ, J, ǫ), where (M 6 , κ) is a (compact) symplectic six-dimensional manifold, J is a κ-calibrated almost complex structure on M and ǫ is a nowhere vanishing (3,0)-form such that
Now we change a little bit our point of view. Let (V, κ) be a symplectic vector space of dimension 2n. The symplectic Hodge operator
is defined by
On R 6 let us consider the standard symplectic structure
where {x 1 , . . . , x 6 } are the standard coordinates on R 6 , and let
for any A ∈ Sp(3, R), t ∈ R * + , where Sp(3, R) denotes the symplectic group on (R 6 , κ 3 ). Moreover the 3-form
belongs to Λ 3 0 (R 6 * ), where dz h = dx h + idx h+3 , h = 1, 2, 3. Let us consider the map
for any α ∈ Λ 1 (R 6 * ). We have
F Ω (α) = Ω ∧ α. Then we get that the following facts are equivalent:
• Ω belongs to the G-orbit of Ω 0 , • F Ω is injective and κ 3 is negative defined on Im(F Ω ). A 3-form Ω ∈ Λ 3 (R 6 * ) is said to positive and normalized if F Ω is injective, κ 3 is negative defined on Im(F Ω ) and det P Ω = 1. Let (M, κ) be a (compact) symplectic manifold of dimension six, equipped with a κ-calibrated almost complex structure J and a complex (3, 0)-form ǫ satisfying
where σ is a C ∞ function on M . Set
We have the following (see [3] ) Lemma 2.3. The following facts are equivalent a)
Ω is positive and normalized at any point
Remark 2.4. By lemma 2.3 one can define a special generalized Calabi-Yau manifold as a (compact) six-dimensional symplectic manifold (M, κ) endowed with a κ-calibrated almost complex structure J and a (3,0)-form ǫ such that
Now we give an example of a special generalized Calabi-Yau manifold that does not admit any Kähler structure (see also [4] and [13] ).
Example 2.6. On C 3 with coordinates z 1 , z 2 , z 3 let us consider the following product * defined by
Then (C 3 , * ) is a solvable non-nilpotent Lie group and admits a cocompact lattice Γ (see e.g. [13] ). Let M = C 3 /Γ and
Then {φ 1 , φ 2 , φ 3 } define a complex coframe in M that is holomorphic with respect to the complex structure induced by C 3 . Set
Then we have:
where {ξ 1 , . . . , ξ 6 } is the dual basis of {α 1 , . . . , α 6 }. Then dκ = 0 and J is a κ-calibrated non-integrable almost complex structure on M . Set
We easily get
Hence (M, κ, J, ǫ) is a special generalized Calabi-Yau manifold.
Moreover by [4] M does not admit any Kähler structure.
Deformations of Special Lagrangian Submanifolds
Let (M, κ, J, ǫ) be a special generalized Calabi-Yau manifold. As in the holomorphic case, we can give the definition of special Lagrangian submanifold Let g(·, ·) = κ(·, J·) be the Riemannian metric associated to κ and J. Observe that the normal bundle N (L) is identified to the tangent bundle T L via the almost complex structure J. Moreover, N (L) can be also identified to the cotangent bundle T * L by using the musical isomorphism ♯ κ . From now on, we assume that the special Lagrangian submanifolds are compact. We will use the Banach spaces
, with the C k,α norm (see e.g. [10] ). We look for necessary conditions to deform a special Lagrangian submanifold. Lemma 3.3. Let (M, κ t , J t , ǫ t ) be a family of special generalized Calabi-Yau manifolds and let p 0 : L ֒→ M be a special Lagrangian submanifold of (M, κ 0 , J 0 , ǫ 0 ). Assume that there exists a family p t : L ֒→ M of special Lagrangian submanifolds that extends p 0 :
must vanish for any t.
Proof. By definition of special Lagrangian submanifold, it follows that
Now, observe that the maps p 0 and p t are homotopic. Hence they induce the same map in cohomology. Therefore
i.e. the classes defined as in i) and ii) vanish. Hence, we easily get
Moreover, differentiating (2), the following conditions must hold
where L denotes the Lie derivative and V = d dt p t | t=0 . Equation (5) gives the following necessary cohomological condition:
The lemma is proved. Now, we give sufficient conditions to extend a special Lagrangian submanifold.
Theorem 3.4. Let (M, κ t , J t , ǫ t ) be a family of special generalized Calabi-Yau manifolds and p 0 : L ֒→ M be a special Lagrangian submanifold of (M, κ 0 , J 0 , ǫ 0 ).
then there exists δ > 0 and a family p t : L ֒→ M of special Lagrangian submanifolds of (M,
be defined by
Observe that by lemma 3.12 of [12] we have that, for any fixed t, the map F (t, ·) is homotopic to the inclusion p 0 : L ֒→ M ; this lemma and the hypothesis
By (4) and (5) it follows that the differential DF of the map F at the point
. Then, by our assumptions, we get
. In view of [12] , formula (3.7) of page 722, we get
is surjective and
where H 1 (L) denotes the space of C (1,α) harmonic 1-forms on L. Let A be the space of normal vector fields V in C (1,α) (N (L)), identified by the isomorphism ♯ κ0 :
and letF = F | (−σ,σ)×A .
Then, (7) and the Hodge decomposition theorem imply that
is an isomorphism. Therefore we can apply the implicit function theorem toF and find, for small t, a solution V of the equationF (t, V (t)) = 0. Then
is a family of special Lagrangian submanifolds of M that extends L.
Remark 3.5. We notice that condition iii) of theorem 3.4 is equivalent to say that
Condition iii) is also equivalent to the following one:
for any x ∈ p 0 (L) and α ∈ Λ 2 (M ), such that p * 0 (α) = 0. Let (M, κ, J, ǫ) be a holomorphic Calabi-Yau manifold of complex dimension three. Then
Hence, if we consider families of special generalized Calabi-Yau manifolds (M, κ t , J t , ǫ t ) such that ((M, κ 0 , J 0 , ǫ 0 ) is a holomorphic Calabi-Yau manifold, then the vanishing of [p * 0 (κ t )] and [p * 0 (ℑm ǫ t )] for any t is a sufficient condition to extend a special Lagrangian submanifold. We obtain the following result, that is the analogue of theorem 3.4. Theorem 3.6. Let (M, κ t , J t , ǫ t ) be a family of special generalized Calabi-Yau manifolds, with holomorphic initial datum (M, κ 0 , J 0 , ǫ 0 ) and let p 0 : L ֒→ M be a special Lagrangian submanifold of (M, κ 0 , J 0 , ǫ 0 ).
for any t. Then there exists δ > 0 and a family p t : L ֒→ M of special Lagrangian submanifolds of (M, J t , κ t , ǫ t ), for t ∈ (−δ, δ), that extends p 0 : L ֒→ M .
Examples of compact special generalized Calabi-Yau solvmanifolds
In this section we give some examples of special Lagrangian submanifolds satisfying condition iii) of theorem 3.4. 
Then {α 1 , . . . , α 6 } is a basis of left-invariant 1-forms.
By (8) we easily get
Let {ξ 1 , . . . ξ 6 } be the dual frame of {α 1 , . . . , α 6 }; we have (10)
From (10) we obtain
and the other brackets are zero. Therefore G is a non-nilpotent solvable Lie group. By [5] G has a cocompact lattice Γ. Hence
is a compact solvmanifold of dimension six. Let us denote with π : R 6 → M the natural projection. Define
Then κ is a symplectic form on M and J is a κ-calibrated almost complex structure on M . Set
a direct computation shows that (κ, J, ǫ) is a special generalized Calabi-Yau structure on M . Let consider now the lattice Σ ⊂ R 4 given by
2 . Let T 4 be the torus where λ = log
is a trasformation of T 4 × R 2 for any p, q ∈ Z. Let Θ be the group of such trasformations. The manifold M can be identified with
(see [5] ). Let consider now the involutive distribution D generated by {ξ 2 , ξ 3 , ξ 4 } and let p : L ֒→ M be the leaf through π(0). By (10) and the identification (12) we get
hence L is a compact submanifold of M . By a direct computation one can check that
Therefore, we have
Hence L is a special Lagrangian submanifold that satisfies condition iii) of theorem 3.4. Moreover, by [5] we have
so that condition i) of theorem 3.4 is trivially satisfied.
Example 4.2. Let (x 1 , . . . , x 6 ) be coordinates on R 6 and let
be the standard symplectic form on
, c = c(x 3 ) be three smooth functions such that
are Z 6 -periodic. Let us consider the κ 3 -calibrated complex structure on
Since λ 1 , λ 2 , λ 3 are Z 6 -periodic, (κ 3 , J, ǫ) define a special generalized Calabi-Yau structure on the torus T 6 = R 6 /Z 6 . Now consider the three-torus L = π(X), where π : R 6 → T 6 is the natural projection and
It is immediate to check that L is a special Lagrangian submanifold of T 6 . Moreover, a direct computation gives
Hence we easily get
for any vector field V normal to L and condition iii) of theorem 3.4 is satisfied.
Remark 4.3. There exists special Lagrangian submanifolds in (T
. Namely, we take the special Lagrangian submanifold
By (13), we immediately get
Therefore, if c ′ (x 3 ) = 0, then L does not satisfy condition iii). We also observe that condition iii) is not "open". Indeed, let us consider the involutive distribution D t , for t ∈ R, spanned by
For any t ∈ Q, we have that the leaf L t through π(0) is a (compact) special Lagrangian submanifold of (T 6 , κ 3 , J, ǫ). Then (13) implies
Therefore, {L t } t∈Q is a family of (compact) special Lagrangian submanifolds, such that • L t for t = 0 does not satisfy condition iii);
• L 0 = L satisfies iii). 
Then (T 6 , κ t , J t , ǫ t ) is a special generalized Calabi-Yau manifold for any t ∈ R, such that (T 6 , κ 0 , J 0 , ǫ 0 ) is the standard holomorphic Calabi-Yau torus and J t is non integrable for t = 0. where x 1 , x 2 , u 1 , u 2 , y, t are real numbers. Let Γ be the subgroup G formed by the matrices having integral entries. Since Γ is a cocompact lattice of G, then M := G/Γ is a six-dimensional nilmanifold. Let consider
Then {ξ 1 , . . . , ξ 6 } is a G-invariant global frame on M . The respective coframe {α 1 , . . . , α 6 } satisfies
The special generalized Calabi-Yau structure on M is given by the symplectic form
by the κ-calibrated almost complex structure
and by the complex volume
By a direct computation we get
By (14) we obtain
and L = π(X) , π : G → M being the canonical projection. Then L is a special Lagrangian torus embedded in (M, κ, J, ǫ). Owing to (15) L satisfies condition iii) of theorem 3.1.
The four dimensional case
Let (M, κ) be a (compact) four-dimensional symplectic manifold and J be a κ-calibrated almost complex structure on M . Let ǫ be a nowhere vanishing (2, 0)-form on M satisfying
Then conditions
J (M ) , we get dǫ = 0 which implies that J is holomorphic. In dimension four we adopt the following definition (see also [2] )
• κ is a symplectic form,
• J is a κ-calibrated almost complex structure on M ,
• ǫ is a non-vanishing (2, 0)-form satisfying
In an obvious way we have the definition of special Lagrangian submanifold also in the four dimensional case. By using the same arguments of section 3 we can prove the following Theorem 5.2. Let (κ t , J t , ǫ t ) be a smooth curve of generalized Calabi-Yau structures on a four-dimensional manifold M and let p 0 : L ֒→ M be a special Lagrangian submanifold of (M, J 0 , κ 0 , ǫ 0 ). Starting from a holomorphic initial datum, we obtain the analogue of theorem 3.6. where x, y, z, t ∈ R. Let Γ be the subgroup of G of matrices with integers entries. Since Γ is a cocompact lattice in G, we get that M = G Γ is a compact manifold. M is called the Kodaira-Thurston manifold. Let {ξ 1 , . . . , ξ 4 } be the global frame of M given by
We easily get [ξ 1 , ξ 2 ] = ξ 3 and the other brackets are zero. The dual frame of {ξ 1 , . . . , ξ 4 } is given by α 1 = dx , α 2 = dy , α 3 = dz − xdy , α 4 = dt .
We have dα 1 = dα 2 = dα 4 = 0 , dα 3 = −α 1 ∧ α 2 . The generalized Calabi-Yau structure on M is given by the forms κ = α 1 ∧ α 3 + α 2 ∧ α 4 ǫ = i 2 (α 1 + iα 3 ) ∧ (α 2 + iα 4 ) and by the almost complex structure J(ξ 1 ) = ξ 3 , J(ξ 2 ) = ξ 4 , J(ξ 3 ) = −ξ 1 , J(ξ 4 ) = −ξ 2 .
We immediately get
ℑm ǫ = 1 2 (α 1 ∧ α 2 − α 3 ∧ α 4 ) , Let X ⊂ G be the set X = {A ∈ G | x = t = 0} and L = π(X), where π : G → M is the natural projection. Hence L is a compact manifold embedded in M . Moreover the tangent bundle to L is generated by {ξ 2 , ξ 3 }; so we get p * (κ) = 0 , p * (ℑm ǫ) = 0 .
Finally, it is immediate to check that
Hence L is a special Lagrangian torus satisfying the hypothesis iii) of theorem 5.2.
